However, because different features highlight different aspects of network structural properties, it is very difficult to benefit from all of the features that might be available. In this paper, we investigate the role of network topology in predicting missing links from the perspective of information theory. In this way, the contributions of different structural features to link prediction are measured in terms of their values of information. Then, an information-theoretic model is proposed that is applicable to multiple structural features. Furthermore, we design a novel link prediction index, called Neighbor Set Information (NSI), based on the information-theoretic model. According to our experimental results, the NSI index performs well in real-world networks, compared with other typical proximity indices.
. Link prediction in complex networks has been studied by researchers in disparate scientific fields because of its significance in research and applications [4] [5] [6] [7] [8] [9] [10] . On the one hand, studies of link prediction have scientific significance. Link prediction could provide a useful method for evaluating the models that uncover the mechanisms that drive the growth and evolution of networks 4 . Although many network evolving models have been proposed to characterize the network evolving process [11] [12] [13] [14] , it is very difficult to measure which model captures the real evolving process the most. Studies of link prediction inspired us to evaluate different evolving models by comparing the evolving likelihoods of the given network driven by these models 5 . In Ref. 6 , the authors proposed the link predictability problem which characterizes the extent to which the links in a network can be predicted. Furthermore, an index called structural consistency was developed to numerically quantify the link predictability of networks. The study of link predictability can further help us evaluate link prediction algorithms and monitor sudden changes in the network evolving process. On the other hand, excellent link predictors have broad applications in different domains, such as checking possible protein-protein interactions in biological networks 7, 8 , finding promising candidate friendships between users in social networks 9 , and providing personalized recommendations in E-commerce systems 10 . The link prediction problem has received much attention in the field of network science 1, 4, [6] [7] [8] [15] [16] [17] [18] [19] [20] [21] . Among various link prediction methods, the simplest framework is the set of similarity-based algorithms, where each node pair is assigned a score to estimate the similarity between two nodes 1, 2 . These methods assume that the more similar two nodes are, the more likely the two nodes tend to be connected. Similarity-based methods can be further classified as node similarity-based methods and structure similarity-based methods 1 . The former supposes that two nodes sharing more common features tend to be connected 22 . However, entity' attributes such as the user's personal information in social networks may be unavailable for privacy reasons or unreliable for making predictions 1 . Compared with the attributes of nodes, the structural features of networks are easier to obtain and more reliable. Hence, similarity-based algorithms in complex networks mainly focus on structural similarity. A wealth of algorithms based on structural similarity have been proposed in the past years. For example, Common , Resource Allocation (RA) 15 , are called CN-based methods. Many other structural similarity-based methods have also been designed to estimate the similarity of nodes [24] [25] [26] [27] . Moreover, many algorithms based on maximum-likelihood methods 7, 8, 17 and probabilistic models 28 28 . Thus far, the aim of previous proposed frameworks has been to quantify the likelihood of candidate links existing. In other words, the problem of link prediction can be treated as predicting the likelihood of the event that two nodes are connected. In information theory 29, 30 , the information quantifies the uncertainty associated with the outcome of a random variable or an event. Hence, the link likelihood between a pair of nodes can be estimated by the information from the viewpoint of information theory. Recently, Tan et al. proposed a Mutual Information method which can significantly enhance the prediction accuracy in large networks 31 . In the Mutual Information index, the feature of common neighbors is considered to facilitate prediction and the link likelihood of a node pair is denoted as the conditional self-information of the event that the node pair is connected when their common neighbors are given.
In fact, any structural feature of a network can provide information to facilitate link prediction. Based on this idea, we develop an information-theoretic model for link prediction, which is applicable to various structural features. The Mutual Information approach 31 can be considered as an example of this model when only one feature, i.e., common neighbors, is considered. Furthermore, the proposed model can also handle the cases in which multiple structural features are available. As an example, we design a novel link prediction index called Neighbor Set Information (NSI), which uses two types of local structural features. We test the NSI index in twelve real-world networks and find that it performs well compared with other structure based indices.
Results
An information-theoretic model for link prediction. In previous studies, different structural features have been used to facilitate link prediction. Two typical examples of structural features are common neighbors of a node pair and community structure in a network. However, most previous prediction algorithms focus only on one or two structural features. If many features are given at the same time, there is no good way to benefit from all of the information available. In our information-theoretic model, in contrast, any structural feature can be used to provide information to facilitate link prediction, and the information from different features can be combined easily. In this sense, the proposed method can make better use of all of the information available.
We begin with the case where just one feature is available. For a feature F associated with the candidate node pair, the set of feature variables is denoted as Ω , and ω is one feature variable of Ω . For example, if we choose the common neighbors of a node pair (x, y) as the available feature F, then the variable set Ω is denoted as
, where Γ (x) is the neighbor set of node x and ω is one common neighbor of node pair (x, y).
Given a disconnected node pair (x, y) and one feature F associated with (x, y), the event of node pair (x, y) being connected is denoted as L xy 1 . Hence, the link prediction problem can be described as estimating the uncertainty of event L xy 1 from the information supplied by feature F. According to information theory 29, 30 (please refer to the Supplementary Information (SI) for details), the existence likelihood of a link can be estimated by the conditional self-information which is defined as
where a i and b j are two events that belong to event sets A and B, respectively, and p(a i |b j ) is the probability that event a i happens given that event b j has already happened. The conditional self-information indicates the uncertainty of event a i when event b j is given. According to the above definition, for the link prediction task, the likelihood score can be defined as is, the higher the probability of a link between nodes x and y tends to be. Therefore, we define the score as the negation of ( Ω) I L xy can be calculated by the statistical structural properties. It should be noted that feature F is not specified in the algorithm and can be any structural feature that we can obtain from the network.
What we have considered above is the case in which only one feature of the network is obtained. In practice, various features may be available, and they may all be helpful for link prediction. However, different features show different aspects of network structural properties. For example, shortest path and clustering are features that are commonly used in link prediction. Most nodes in networks are connected by a very short distance 2 , which characterizes the famous "small world" property of networks. On the other hand, clustering indicates that a node with a dense neighborhood is more likely to have more links than one with a sparse neighborhood. Although both of these features are helpful to predict missing links, the properties they reflect are different. In this case, there is no direct way for traditional link prediction algorithms to simultaneously make good use of both features at the same time. In contrast to those algorithms, we use the value of information to evaluate the connection likelihood. The effects of structural features on prediction are unified to the values of conditional self-information. Hence, even with different features, the values of information brought by these features are additive. Therefore, Eq. (3) can be easily extended to the case of multiple features. Under this condition, the variable set for feature i is denoted as Ω i . Then, we adopt a parameter λ i to reckon the contribution of feature i to the final connection likelihood, and define the likelihood score as
Altogether, we obtain the information-theoretic model to evaluate the connection likelihood when any structural feature is given. In this sense, Ref. 31 can be considered as an example of our model for which only the feature of common neighbors is applied.
An information-theoretic approach based on neighbor set. In this subsection, we will introduce an information-theoretic approach based on neighbor set, as an example of the application of our information-theoretic model.
The neighbor set of node x is defined as the node set consisting of the neighbors of node x, i.e., Γ (x). For a candidate node pair (x, y), our fundamental hypothesis is that the more strongly their neighbor sets are connected, the more likely they are connected. The link likelihood of two nodes can thus be estimated by the information brought by the "connections" between their neighbor sets. In particular, the "connections" involve two categories: overlap nodes of two neighbor sets, i.e., common neighbors of the candidate node pair, and the links across two neighbor sets. Formally, the common neighbors of node pair (x, y) are denoted as
} xy and the links across neighbor sets Γ (x) and Γ (y) are defined as
, where E denotes the link set of the network. Both features are helpful for predicting missing links. In social networks, for instance, the neighbor set of node x denotes the friends associated with x. If two people have many common friends, or if their friends are also mutual friends, these two people are more likely to be friends in the future. This agrees well with our intuition. In Fig. 1 , an example is provided to further illustrate the relationship of two neighbor sets. Based on the motivation described above, the information given by the features extracted from the "connections" between two neighbor sets, i.e., the common neighbors and the links across two neighbor sets, is used to facilitate link prediction. According to the information-theoretic model described in Eq. (4), the link likelihood of a node pair is defined as From this equation, the score can be locally calculated by the neighbor sets of nodes x and y based on the information-theoretic model, so we call it the Neighbor Set Information (NSI) index (please refer to the SI for the detailed derivation). For a simpler formalization, we define the ratio λ as λ 2 /λ 1 , and obtain To demonstrate the performance of the NSI index, twelve networks from disparate fields are considered in our experiments (see SI for details). Two widely used metrics called area under the receiver operating characteristic curve (AUC) 32 and Precision 33 are considered to evaluate the accuracy of the link prediction algorithms (please refer to the Methods section for details). Indices for comparison are summarized in the Methods section. The prediction accuracy results are presented in Tables 1 and 2 . Table 1 shows the prediction accuracy measured by AUC. According to the AUC results, our NSI index performs the best or nearly the best in most networks. Because the AA index and RA index are variants of CN, they have nearly the same AUC values in most networks. The PA and MI indices provide better prediction accuracy in EPA and Router, while in other networks, they perform worse than the NSI index. Compared with LP, the NSI index always performs better (or at least the same). In contrast with AUC, the Precision metric focuses on the most likely latent links. According to Table 2 , the NSI index achieves competitive performance in most networks. In the definition of Precision, its value depends Figure 1 . Illustration of the relationship between two neighbor sets. The neighbors of node x and node y can be denoted as neighbor set x and neighbor set y, respectively. There are two common neighbors between neighbor sets x and y, and these are colored in yellow. Lines emphasized in purple describe the links across two neighbor sets. The "connections" between two neighbor sets are mainly divided into two categories: common neighbors and links across two neighbor sets. . NSI 0.1 denotes the NSI index with a fixed ratio of λ = 0.1. The best performance is emphasized by bold font. The last two columns show the best performance of the LP and NSI indices shown in Fig. 3. on the number of top-L candidate links to be predicted. Here, we also investigate the dependence of Precision on the number of L and present the results in Fig. 2 . For the convenience of comparison, the parameter ε of LP is set as 0.001 34 and the ratio λ of NSI is fixed as 0.1. From the results in Fig. 2 , we find that although L changes, the NSI index can achieve a high Precision accuracy in most networks, especially in SciMet and Epa. Combining the results above, the NSI index has the overall best performance regardless of whether the metric used is AUC or Precision.
Because the performance of NSI depends on the ratio λ, we plot the AUC and the Precision accuracy of NSI index as functions of the ratio λ. In Figs. 3 and 4 , although the prediction performance of NSI index changes with different trends in different networks when λ changes, we find that λ = 0.1 always produces a reasonable performance in the twelve real-world networks considered. In Tables 1 and 2 , we list the performance of the NSI index with a fixed ratio λ = 0.1, and find that it performs well compared with six other typical proximity indices. Therefore, the NSI index is highly valuable for applications because one can directly set λ to a fixed value, rather than searching for its optimal value, which in practice takes a significant amount of time.
Discussion
In this paper, we develop an information-theoretic model that treats the link prediction problem as the evaluation of the uncertainty that a link exists. Furthermore, the proposed model is applicable to various structural features and can address the case in which multiple features are available. The information-theoretic model has two advantages. The first is that, in contrast to traditional link prediction methods, the information-theoretic model evaluates the link likelihood via the value of information. Even for features that belong to different structural properties, the values of information brought by these features are additive. In this way, the proposed model can easily make use of diverse features that are available. Although some indices, such as the LP index, can use more than one feature to make predictions, the chosen features often belong to the same type of structural property. Thus, the information-theoretic model can take advantage of all of the available features to make a better prediction. The second advantage is that, when focusing on one feature of the network, the values of (4, 6) . Measured by the LP index, they all have the same score because node pair (3, 5) and node pair (4, 6) both have two common neighbors and one path with length 3. For the NSI index, node 3 and node 6 have different contributions in that the clustering coefficient of node 3 is 1 4 and the clustering coefficient of node 6 is 1 3 , which means that the contribution of node 6 to the connection of node pair (3, 5) is greater than that of node 3 to node pair (4, 6). . NSI 0.1 denotes the NSI index with a fixed ratio of λ = 0.1. The best performance is emphasized by bold font. The last two columns show the best performance of the LP and NSI indices shown in Fig. 4 . the effects of different common neighbors by considering their degrees. This is a wise method to make the prediction more accurate. In summary, the information-theoretic model can make use of different features, and with each feature, it can differentiate the contributions of different variables. Therefore, it can achieve good prediction accuracy.
To illustrate the above advantages more clearly, we take the NSI index as an example. For the NSI index, the features of common neighbors and links across two neighbor sets are used. First, we show how the use of two features facilitates link prediction. The performance of the NSI index is given in Figs. 3 (for AUC) and 4 (for Precision) as functions of the free parameter λ. For comparison, in these figures, we also plot the results when only one of the two features is considered. The figures display the special cases when λ = 0 and λ → ∞, respectively. We find that the use of two features provides better results or at least similar results, than the use of only one feature in most cases.
In addition, for comparison, we plot the performance of the LP index in Figs. 3 and 4 . Because two features are used in LP, a similar free parameter ε is considered to measure the contributions of the two features. We find that the NSI index performs better than LP in almost all of the cases considered. This result demonstrates the second advantage of our information-theoretic model, i.e., this model differentiates the impact of the feature variables on the connection likelihood via ω ( ) I L xy , respectively, whereas in the LP index, they are treated equally. In Fig. 5 , we provide an example to further describe this effect. Node pairs (3, 5) and (4, 6) which are marked by dashed lines, are two links to be predicted. According to the definition of the LP index, these two possible links are indistinguishable because Eq. (18) produces the same score for both of them. However, by using the NSI index, the score for node pair (3, 5) is higher than that for node pair (4, 6) , which means that node pair (3, 5) is more likely to be linked. This result is a good fit for the clustering mechanism 35 in network evolving process. Clearly, the setting of NSI is more reasonable and is closer to the real case. As a result, we find that the performance of the NSI index is better than that of the LP index.
Methods

Link prediction algorithm. Consider an undirected network G(V, E)
, where V and E are the node set and link set, respectively. Self-links and multi-links are not allowed. For each non-existent link, e.g., l xy ∈ U−E, where x, y ∈ V and U denotes the universal possible link set, our task is to assign a score to estimate its connection likelihood. Note that we do not differentiate connection likelihood and score here. If a rank for all non-observed links is given, for the most likely candidate links, one can choose the links with the highest ranks.
Given a predictor we can rank all of the non-observed links according to the scores they obtained. To validate the prediction performance of a predictor, the observed links of the network are randomly divided into two parts, i.e., the training set E T and the probe set E P .
Here, E T is treated as known information while E P is only used to test algorithms. Clearly, we have E T » E P = E and E T « E P = Ø. In this paper, the fraction of links in the training set is 90% and the remainder constitutes the probe set.
Evaluation metrics. In this study, we apply two widely used metrics called area under the receiver operating characteristic curve (AUC) 32 and Precision 33 to evaluate the accuracy of the link prediction algorithms.
• AUC can be interpreted as the probability that a randomly chosen missing link (link in E P ) has a higher score than a randomly chosen non-existent link (link in U− E). In real implementations, among n times of interdependent comparisons, if there are n′ times in which the score of the missing link is higher than that of the non-existent link and n″ times in which the two have the same score, the AUC value can be expressed as
If all of the scores are generated from an independent and identical distribution, the AUC value should be approximately 0.5. Therefore, the extent to which AUC exceeds 0.5 indicates how much better the algorithm performs than pure chance.
• Precision focuses on top-ranked latent links, while AUC considers the macroscopic accuracy. Each non-observed link is given a score, and we sort these scores in descending order. Benchmarks. Here, six typical proximity indices are considered for performance comparisons, including Common Neighbors (CN) 15 , Adamic-Adar (AA) 23 , Resource Allocation (RA) 15 , Preferential Attachment (PA) 35 Mutual Information (MI) 31 and Local Path (LP) 15 . The CN index assumes that two nodes sharing more common neighbors tend to be connected. It is defined as The RA index is similar to AA, but is motivated by the process of resource allocation. The penalty for a high degree common neighbor is more sufficient in RA than it is in AA. The score is defined as Originating from the network evolving mechanism, the PA index supposes that the probability that two nodes are connected is proportional to the product of their degrees. Thus, it is defined as = Γ( ) ⋅ Γ( ) .
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The MI index estimates the effect of common neighbors on the link probability via information theory. In the MI index, the prior probability that node pair (x, y) is connected can be calculated by where k x and k y are the degrees of nodes x and y, respectively, and M is the number of links in the training set. Thus, the likelihood score can be described as where N Δz and ∧ N z are respectively the numbers of connected and disconnected node pairs whose common neighbors include node z.
The LP index considers the information regarding the next nearest neighbors, which can remarkably enhance the prediction accuracy. It is described as where ε is a free parameter. (A 2 ) xy and (A
